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Abstract

The model developed in the first part of this work is used to predict the cell potentials and the irreversible Gibbs free
energy of a stack of 15 cells. The model starts from a phenomenological equation of a polarization curve with the
extent of reaction as the independent variable. Two extreme kinds of flow of reagents, defined as Chain and
Separate Flows respectively, are considered. The cell potentials are obtained by a combination of the potential of
the two extreme cases of flow. The stack cell potentials and the efficiencies, estimated by the model, reproduce the
general characteristics obtained by the experiments.

1. Introduction

The efficiency of stacks made of identical cells can be
predicted by means of thermodynamic tools and a
model of cell potential variation along the stack, with
the extent of reaction as an independent variable. The
irreversible processes occurring in a fuel cell stack have
the potential to decline along the stack. The average
potential of the stack is used to determine the stack
efficiency [1–7], as the following equation shows

g ¼ c �UFns
DH

¼ DG
DH

; ð1Þ

where c corresponds to the number of electrons ex-
changed by the reaction, �U is the average potential, F is
the Faraday constant, ns is the stack extent of reaction,
DH and DG are the enthalpy and the Gibbs free energy,
respectively [8].
In this paper, experimental cell potentials are reported

for a stack of 15 cells. These results are compared with
model predictions. The efficiency calculated by means of
the experimental average potential of the stack is also
compared with the efficiency calculated through the
model. The flow of reagents along the stack was
previously classified in two cases: Chain Flow and
Separate Flow. In Figure 1, the two cases are schemat-
ically shown. In the Chain Flow stack the same stream

of reagents passes consecutively through each cell, while
in the Separate Flow a main stream is divided in many
equal flows as cells. Real fuel cell stacks have hybrid
flow connections and manifest a behavior that reflects a
combination of these two cases. During operation,
stacks with Separate feeding also have a gradient of
flow rates along the stack, as do the Chain stacks [9].
The considered stack is a Separate Flow fuel cell stack of
the type indicated in Figure 2. A marked transition of
behavior from a Separate Flow type to a full Chain type
was predicted at high utilization, by means of thermo-
dynamics [9].

2. Model and methodology

The basis of the proposed model, described in detail in a
previous paper [9], is the polarization curve equation
[10–13] given here:

Uqðnq; pqj;TÞ ¼ a1 � a2nq � a3 ln nq � a4 exp a5nq

þ a6 ln
Y

j

pqj=p1j
� �mj

ð2Þ

The six ai parameters are determined by fitting an
experimental polarization curve, with the exception of
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a6, to which the value of 0.013 is assigned, and
corresponds to the ratio RT/nF of Nernst equation. In
Equation 2, pqj is the partial pressure of reagent j in the
cell q, p1j is the partial pressure of reagent j in the first
cell, and n q is the extent of reaction of the cell q, as
defined in the Chain Flow case:

nq ¼
n1

1� ðq� 1Þn1
; ð3:1Þ

ns ¼ nn1: ð3:2Þ

In Equation 3.1, n1 is the extent of reaction of the first
cell, ns is the stack extent of reaction and n the total
number of stack cells. The partial pressures are deter-
mined in the following way for the reagent in direct flow:

pqj ¼ p1j½1� ðq� 1Þu1j� ð4Þ

The partial pressures are determined in this way for
the reagent in counter flow:

pqj ¼ pnj½1� ðn� qÞunj� ð5Þ

In the Separate Flow case, the extent of reaction and
pressure are the same for each cell:

nq ¼ n ¼ ns; ð6Þ

pqj ¼ pj ð7Þ

The irreversible Gibbs free energy is experimentally
determined in the following way:

DG ¼ cF �Uns; ð8:1Þ
where the average stack potential �U is so defined:

�U ¼ 1

n

X
q
Uq: ð8:2Þ

In order to verify that the model predictions are in
agreement with experimental results, the experimental
Gibbs free energy obtained by Equations 8.1 and 8.2 is
compared with model results obtained in the previous
paper [9].
The model determination of DG is obtained by means

of a linear combination of Gibbs free energy of the pure
Separate Flow (Se), and of the Gibbs free energy of the
pure Chain Flow (Ch):

DG ¼ ð1� kÞ cF �UChnsð ÞChþk cFUSenð ÞSe
¼ ð1� kÞDGCh þ kDGSe; 1 � k � 0;

ð9:1Þ

�U ¼ ð1� kÞ �UCh þ kUSe; 1 � k � 0; ð9:2Þ

Uq ¼ ð1� kÞUqCh þ kUSe; 1 � k � 0: ð9:3Þ

It is noteworthy to remember that, for the Separate
Flow, the extent of reaction of each cell is the same, thus
the average potential USe coincides with the cell
potential and that ns and n are the same in Equation 9.1.
The coefficient k, at different extents of reaction, is
determined by fitting of experimental data. In the
discussion of this paper (Section 5), a method to
estimate the coefficients k is suggested, leaving aside
the fitting of experimental data.

3. Experimental part

A stack composed of 15 cells is considered; each Protonic
Exchange Membrane (PEM) cell was manufactured by
SZW (Zentrum für Sonnenenergie-und-Wasserstoff-
Forschung), with an active area A of 100 cm2. The stack
has a water cooling system which permits to control the
temperature. The single cell used to obtain the basic
polarization curve is also a SZW, identical to those
forming the stack and tested by means of the FCATS
screener test station by Hydrogenics Co., at the Univer-
sity of Applied Sciences, Stralsund, Germany [9].
The test conditions for the single cell were: cell

temperature 298 K, air flow rate 600 ml min)1

Fig. 2. Intermediate case between the extreme cases of flows (a) and

(b).

Fig. 1. (a) Chain Flow, (b) Separate Flow.
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(9.37�10)5 mol-O2 s
)1), hydrogen flow rate 150 ml min)1

(1.12�10)4 mol-H2 s
)1). Where the limiting reagent was

hydrogen, the pressure of both gases was 100 kPa, and
the humidity was 35%. The equation used to describe its
polarization curve is:

Uðn; 100 kPa; 298KÞ ¼ 0:826� 0:378n� 0:0176 ln n

� 1:0077� 10�5 expð10:74nÞ;
ð10Þ

In Figure 3, the polarization curve (solid line)
obtained from Equation 10 is shown.
The test conditions of the stack of 15 cells were:

hydrogen flow rate 6.27�10)4 mol-H2 s
)1, and oxygen

flow rate of 6.82�10)3 mol-O2 s
)1. The pressure of both

gases was 10 kPa. The temperature of the stack cells was
about 298–300 K during the tests. In the middle cells the
external temperature was about 1 K higher than in the
extreme cells. The temperature used for the model
calculation was 298 K. Equation 11 allows us to esti-
mate the polarization curve of a single cell at these initial
pressures of reagents (oxygen is in counter flow), and
provides the proper a1 term for our basic equation of
polarization curve (Equation 2):

Uðn;pH2
;pO2

;298KÞ¼ 0:826�0:378n�0:0176lnn

�1:0077�10�5 expð10:74nÞþ0:013ln
p1H2

p0:5nO2

100�1000:5

 !

¼ 0:751�0:378n�0:0176lnn�1:0077

�10�5 expð10:74nÞ ð11Þ

In Figure 3, the polarization curve of the single cell, at
these the test conditions and calculated by Equation 11,
is shown by a dotted line. Its potential values are lower
than those at 100 kPa.

4. Results

The cell potentials of a stack of 15 cells are reported in
Figure 4 at different extents of reaction. The average cell
potential is 0.862 V, at the stack extent of reaction
0.038, and the average potential falls to 0.62 V, at the
stack extent of reaction ns of 0.9. However, the cell
potential decays also with increasing the cell number q.
At the extent of reaction of 0.9, the potential is of about
0.65 V in the first cell and 0.55 V in the last cell, because
of the increment of the cell extent of reaction along the
stack [9]. This potential decay is more pronounced when
the stack extent of reaction is higher. The model results,
obtained using Equations 2–5, are shown in Figure 5.
There is substantial agreement between model and
experiments. The discrepancy can be due to the fact
that, in a real stack, not all the cells are truly identical
(small changes can occur due to preparation or inter-
connection). Another significant discrepancy occurs at
high extent of reaction, where the model overestimates
the potential decay. The source of this overestimation
can be the temperature variation; because, although
temperature was controlled, small increments of the

Fig. 3. Polarization curves at 100 kPa, pressure of both gases, (solid

line) and at 10 kPa, pressure of both gases (dotted line).

Fig. 4. Experimental cell potentials of a stack of 15 cells. On the

right side, the stack extents of reaction are indicated.

Fig. 5. Cell potentials in a stack of 15 cells, obtained by the fitted k

and 1)k coefficients. On the right side, the stack extents of reaction

are indicated.
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internal temperature of the cells can cause an increase of
the potential.
The fitted coefficients k and 1)k of Equations 9.1–9.3,

which are used for the calculation of the model cell
potential, are reported in Figure 6. The coefficient k
exhibits a maximum at approximately the extent of
reaction of 0.2. After the maximum, k decreases slowly
until the extent of reaction is 0.8, and then the decay is
dramatic.
The experimental Gibbs free energies of the fuel cell

stack at different extents of reactions are compared to
the Gibbs free energies, obtained from the model and
the fitted coefficients k, in Figure 7. The calculations
were carried out directly, by means of Equation 8.1 for
experimental results, and Equations 8.1–9.3 for the
model case. A slight discrepancy between model and
experimental values begins at n s=0.57.

5. Discussion

The coefficients k were determined by the fitting of the
experimental cell potentials; however, an alternative
method could be represented by the framework of the
thermodynamics of irreversible processes [14], from
which the following expression can be written:

DG ¼ �TDS ¼ �TðL11A
2
1 þ 2L12A1A2 þ L22A

2
2Þ

¼ LChChDG
2
Ch þ 2LChSeDGChDGSe þ LSeSeDG

2
Se

;

ð12Þ
if the term VÆDp of the Gibbs free energy is neglected;
where V is the total volume passed through the cell
membranes and Dp the total pressure difference within
the stack cells. In Equation 12, A is the affinity
function, the subscripts 1 and 2 indicate two driving
pathways. It is noteworthy that, in Equation 12, it is
assumed that the coefficient L12 is equal to L21, which
is not generally assured in situations far from the
equilibrium.
Moreover, in these situations, the coefficients L of

Equation 12 could depend on the thermodynamic

forces. The following functions were assigned to the
coefficients L:

LChCh ¼
1

DGCh
; ð13:1Þ

LChSe ¼ �
1

4DGCh
; ð13:2Þ

LSeSe ¼
1

2DGCh
; ð13:3Þ

These equations satisfy the requirements that DG
tends to DGCh, when ns tends to 1 and DGSe fi 0,
simultaneously:

lim
ns!1

DG¼ lim
ns!1

DGCh�
1

2
DGSeþ

1

2DGCh
DG2

Se

� �
¼DGCh;

ð14:1Þ

and that, at ns tending to 0, when the Gibbs free energies
of Chain and Separate cases tend to coincide DGCh�
DGSe, Equation 12 should be reduced to the following
arithmetic average:

lim
ns!0

DG ¼ lim
ns!0

DGCh �
1

2
DGCh þ

1

2
DGSe

� �

¼ 1

2
DGCh þ DGSeð Þ: ð14:2Þ

The factor 1/2 of Equations 14.1 and 14.2 corre-
sponds to the linear coefficients in situations next to
equilibrium.
On the other hand, the coefficients k and 1)k become:

k ¼ DGSe

2DGCh
; ð15:1Þ

1� k ¼ 2DGCh � DGSe

2DGCh
; ð15:2Þ

calculated by this method, the coefficients k and 1)k are
shown in Figure 8. The general trends of these
coefficients are similar to the experimentally fitted values

Fig. 6. Coefficients k and 1)k used to fit the experimental cell potentials of the stack of 15 cells.
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(Figure 6), but there is an overall discrepancy, at low
extents of reaction.
In Figure 9, the Gibbs free energies obtained by

means of the coefficients L of Equations 13.1–13.3 are
first compared to Chain and Separate Flows Gibbs free
energies (calculated in the previous paper [9]). Then they

are compared with the experimental Gibbs free energies
(calculated by Equation 8.1), and, finally, with the
average of Gibbs free energies of the Chain and Separate
Flows (the limit case of Equation 14.2). As predicted by
Equation 14.2, at low extent of reaction, the Gibbs free
energy of the stack coincides with the average Gibbs free
energies of the Chain and Separate cases; on the other
hand, at higher extent of reaction, after a slight
deviation, the values tend to approach the Gibbs free
energy of the Chain flow case (Equation 14.1). The
intermediate thermodynamic behavior corresponds to
an intermediate case of flow, between the two extremes
of Chain and Separate Flows (see Figure 2). There is a
significant discrepancy between model predictions of
Gibbs free energy using Equations 12–13.3 (Figure 7)
and experimental Gibbs free energies, at high extent of
reaction. This could be ascribed to the term VÆDp which
is neglected in Equation 12 and acquires more impor-
tance upon increasing the extent of reaction.
In Figure 10, the efficiencies of the stack calculated by

Equation 1 and experimental data are compared to
those obtained by model and coefficients L (Equa-
tions 13.1–13.3).

Fig. 7. Comparison of experimental stack Gibbs free energy and the Gibbs free energy obtained applying the model and the fitted coefficients

k and 1)k.

Fig. 8. Coefficients k and 1)k calculated through coefficients L of

Equations 13.1–13.3.

Fig. 9. Stack Gibbs free energy: upper curve, Separate Flow; dotted line, average between Separate Flow and Chain Flow; boxes, experimen-

tal results; solid bold line, model with proposed coefficients L; and lower curve Chain Flow.
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The efficiency increases with the stack extent of
reaction increment, reaching up to 0.39 at the stack
extent of reaction of 0.9. The efficiency, calculated by
model coefficients L, is overestimated at higher extents
of reaction, e.g. the model predicts the efficiency of
0.42 at the stack extent of reaction of 0.9; however, at
lower stack extent of reaction, the agreement is good.

6. Conclusions

The model developed in the first paper of this work [9] is
used to predict potential and irreversible Gibbs free
energy in a stack of 15 cells. The model starts from a
phenomenological model of a polarization curve with
the extent of reaction as an independent variable
(Equations 2–7, 10 and 11). Two extreme kinds of
flows, Chain and Separate Flow, are considered (Fig-
ure 1); however, a real fuel cell stack manifests a hybrid
of these two cases (Figure 2). The stack cell potentials
are obtained by a combination of the potential of the
two extreme cases (Chain and Separate Flows). The
parameters k and 1)k of this combination (Equa-
tions 9.1–9.3) are obtained by the fitting of experimental
results (Figure 6). The stack cell potentials, obtained
from this model (Figure 5), reproduce the general
characteristics obtained by experiment (Figure 4). Nev-
ertheless, at high stack extents of reaction the potential
decay of the last cells is overestimated by this model
(Figure 5). This overestimation can be due to small
internal temperature variations of the cells. In this
model the temperature was taken constant at 298 K.
The model would be improved with the introduction of
the temperature as a variable. Nevertheless, the model
works in a satisfactory manner for the determination of
both the efficiency and the Gibbs free energies, which
was the main objective of this paper. The irreversible
stack Gibbs free energies and efficiencies obtained from
experiments are compared to those obtained by the
fitted parameters k and by the coefficients L (Figures 7,
9, 10). The latter were estimated by a combination of the

Gibbs free energies of the two extreme cases (Figure 8),
taking into account the limit cases of the stack extent of
reaction ns fi 0 and ns fi 1 (Equations 14.1–14.2), and
by means of the framework of irreversible thermody-
namics (Equations 12–13.3). This achievement opens
the possibility to predict the stack efficiency (Figure 10),
starting from the model of a polarization curve.
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